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Abstract
The mass and leptonic decay constants of recently observed two new excited Bc states at LHC are
studied within the QCD sum rules. Considering the contributions of the ground and radially excited
states, the mass and residues of the excited states of pseudoscalar and vector mesons are calculated
in the framework of two different approaches of the QCD sum rules, namely, linear combinations
of the corresponding sum rules and its derivatives as well as QCD sum rules with the incorporation
of the least square fitting method. The obtained results on mass mB+c (2S) = 6.88± 0.03 GeV and
mB∗+c (2S) = 6.94±0.03 GeV are in good agreement with the experimental data. Our predictions for
the decay constants of these states are: fB+c (2S) = 0.42±0.02 GeV and fB∗+c (2S) = 0.46±0.01 GeV,
which can be checked at future experiments to be conducted at the LHC. Comparison of our results
with the predictions of the other approaches on mass and residues is also presented.
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I. INTRODUCTION
Bc-meson system formed from the two heavy quarks with different flavors can be very useful
in obtaining information about heavy-quark dynamics and understanding the dynamics of
the strong interaction (see [1] and [2] and references therein). The ground state Bc-mesons
were discovered at CDF and DØ experiments for the first time through the decay channels
Bc → J/Ψlν and Bc → J/Ψlπ decay modes [3–6]. Later, the discovery of the B-meson
was confirmed by the LHCb, CMS and ATLAS Collaborations via various decay modes:
Bc → J/Ψlν [7] and Bc → J/Ψlπ+ [8], Bc → J/ΨD∗s [9], Bc → J/Ψπ [10] etc.. Recently, two
excited 21S0 and 2
3S1 states of Bc meson have been observed in the invariant mass spectrum
of the B+c π
+π− by CMS Collaboration at the centre of mass energy
√
s = 13 TeV [11]. We
will denote these states as B(2S) and B∗(2S) from now on. The state B+c (2S) has mass
mB+c (2S) = 6871 ± 1.2 (stat) ± 0.8 (sys) MeV, and the mass difference of these states is
mB∗+c (2S)−mB+c (2S) = 29±1.5 (stat)±0.7 (sys) MeV. Very recently, LHCb Collaboration
announced the observation of these states and obtained that B+c (2S) state has a mass
m = 6841.2 ± 0.6 (stat) ± 0.1(sys) MeV, and mass difference of B+c (2S) and B∗+c (2S)
is measured to be 31.1 ± 1.4 (stat) MeV [12] which are excellent agreement with CMS
Collaboration.
These experimental discoveries stimulated the theoretical studies for the investigation of
the properties of these mesons. The mass and residues, as well as various decay channels
of the ground state Bc-meson within different methods were investigated in many studies,
such as quark model [13], lattice theory [14], QCD sum rules [15–19], Dyson-Schwinger and
the Bethe-Salpeter equations approaches [20]. In the present work, we calculate the mass
and leptonic decay constants of the excited B+c (2S) and B
+
c (2S) mesons within the QCD
sum rules. The rest of the paper is organized as follows. In section II, we derive the mass
sum rules, including the contributions of the ground and excited states. In section III, with
the help of the two different version of the QCD sum rules, i.e. employing the least square
method as well as the construction of linear combinations of sum rules and its derivatives,
we perform numerical analysis of the sum rules obtained in the previous section and extract
the mass and leptonic decay constants of B+c (2S) and B
∗+
c (2S) excited states.
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II. SUM RULES FOR THE SPECTROSCOPIC PARAMETERS OF THE EX-
CITED Bc MESON
To determine the mass and leptonic decay constants of the excited states of Bc-mesons
within the QCD sum rules approach, we consider following correlation functions at the
quark level,
Π1 = i
∫
d4xeiqx〈0|J(x)J(0)|0〉
Πµν = i
∫
d4xeiqx〈0|Jµ(x)Jν(0)|0〉
= (gµν − qµqν
q2
)Π2(q
2) + qµqνΠ3(q
2)
(1)
where the J(x) = (mb +mc)c¯iγ5b and Jµ(x) = c¯γµb are the interpolating currents carrying
the same quantum numbers of pseudoscalar and vector mesons, respectively. To obtain the
desired sum rules for the mass and residues, the correlation function needs to be calculated
in two different domains in q2; in terms of hadrons and with the help of the operator product
expansion (OPE) in deep Euclidean region. By matching the results of these representations,
one can obtain the corresponding sum rules. The hadronic representation of the correlation
function satisfies the dispersion relation
Πα(q
2) =
1
π
∫
ρα(s)ds
s− q2 + subtractions, (2)
where α = 1(2) corresponds to Π1(Π2), and ρα(s) is the corresponding spectral density.
The hadronic representation of the spectral density can be obtained by inserting a complete
set of corresponding meson states carrying the same quantum numbers as the interpolating
current into the correlation function. After straightforward calculations for the spectral
densities of the correlation functions from the hadronic side we get
ρα = Fαδ(s−m2α) + F ′αδ(s−m′2α ) + ... (3)
where
Fα =


f2
Bc
(1S)m4
Bc
(1S)
(mb+mc)2
, m1 = mBc(1S) for α = 1,
f 2B∗c (1S)m
2
B∗c
(1S), m2 = mB∗c (1S) for α = 2,
(4)
and
F ′α =


Fα
(
mBc(1S)→ mBc(2S), fBc(1S)→ fBc(2S), m′1 = mBc(2S)
)
for α = 1,
Fα
(
mB∗c (1S)→ mB∗c (2S), fB∗c (1S)→ fB∗c (2S), m′2 = mB∗c (2S)
)
for α = 2,
(5)
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in which fBc(1S)(fBc(2S)), mBc(1S)(mBc(2S)), and fB∗c (1S)(fB∗c (2S)), mB∗c (1S)(mB∗c (2S))
are the leptonic decay constants and mass of the ground (radially excited) pseudoscalar and
vector Bc meson states, respectively. In this expression, dots represent the contributions
of higher states and continuum. To obtain these spectral densities we used the standard
definitions
〈0|J |Bc〉 =
fBcm
2
Bc
mb +mc
,
〈0|Jµ|B∗c 〉 = fB∗c ǫµ
(6)
where ǫµ is the 4−polarization vector meson. The Πα(q2) invariant functions can be cal-
culated from local OPE at q2 ≪ (mb + mc)2 domain. The OPE part of these correlation
functions within QCD sum rules are calculated in [15–17, 19, 20], and we will use these
results in our next discussions. Matching the results of the correlation functions from OPE
and hadronic parts, we obtain the sum rules for the mass and residues of the pseudoscalar
and vector Bc-mesons including the contributions of the ground and excited states
Fα
m2α − q2
+
F ′α
m′2α − q2
+
∫ ∞
s0
ds
s− q2ρα(s) =
∫ ∞
(mb+mc)2
ds
s− q2ρα(s). (7)
In this expression, the third term describes the contributions of higher states, and s0 is
the continuum threshold. The hadronic spectral density, according to quark-hadron dual-
ity ansatz is equal to the spectral density coming from the OPE part starting from some
threshold s0.
Performing Borel transformation over −q2, using quark-hadron duality ansatz and matching
two representations of the correlation functions, we get the desired sum rules:
Fαe
−m2α/M
2
+ F ′αe
−m′2α /M
2
= Πα(s0,M
2) (8)
where Πα(s0,M
2) =
∫ s0
(mb+mc)2
ρα(s)e
−s/M2ds. From Eq. (8), we see that these sum rules
contain the contributions of the ground Bc(1S) , B
∗+
c (1S) and first radial excited B
+
c (2S)
and B∗+c (2S) states. In other words, we have one equation and four unknowns (two masses
and two residues) for each equation. To determine the masses and leptonic decay constants
of the excited Bc meson states, we will use two different approaches within the sum rules.
In the first method (Method A), the linear combinations of the corresponding mass sum
rules and its derivatives are constructed. On the other hand, the second method (Method
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B) is based on the corporation of the sum rules with the least squares method where the
main idea is minimizing the square of the difference of the hadronic and QCD sides of the
correlation function
N∑
i=1
|Fαe−m2α/M2i + F ′αe−m′
2
α /M
2
i − Πα(M2i , s0)|2
N
. (9)
Choosing a set of {M2i } in the optimal range, we can apply two parameters fitting in order
to minimize this function. Both methods have common properties, namely the ground state
mass and leptonic decay constants are used as the input parameters. Therefore, at the first
stage, we work out the way to reproduce the parameters of the ground state only. It is
achieved by choosing the appropriate values of s0, in which the hadronic part contains only
ground state pole.
III. NUMERICAL ANALYSIS
Having clarified the details of the methods, let us determine the mass and leptonic decay
constants of the ground states Bc(1S) and B
∗+
c (1S) . Even though the mass and residues of
the ground states Bc(1S) and B
∗
c (1S) (Method A) are estimated in [15–17, 19, 20] within
QCD sum rules, we recalculate these parameters for completeness within Method A. The
similar calculations also were performed within method B where the main idea is to check
how successful the method B in the predictions of the spectroscopic parameters of Bc meson
is. As mentioned earlier, by choosing the appropriate values of s0, the hadronic part can be
saturated only by the ground state pole. Hence, the second term in the left side of Eq.(8)
can be omitted. Then applying derivative d
d(−1/M2)
to the both sides of Eq.(8) we get
Fαm
2
αe
−m2α/M
2
= Π′α(s0,M
2) (10)
where Π′α =
dΠα(s0,M2)
d(−1/M2)
. Dividing these equations to the left side of Eq.(8) (without excited
state contributions) we obtain
m2α =
Π′α(s0,M
2)
Πα(s0,M2)
. (11)
The sum rules contain the auxiliary parameter, namely Borel mass squareM2 and continuum
threshold, s0. The working regions of M
2 for the ground state is determined from the
standard criteria; namely, both power corrections and continuum contributions in the sum
rules have to be suppressed in this region. The threshold for s0 is chosen in a way that the
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differentiated sum rules reproduce the measured mass of the ground state meson mass about
10% accuracy.
Numerical analysis shows that these requirements are fulfilled if M2 and s0 vary in the
regions presented in Table I. Here, we also depict the working regions of M2 and s0 for
the excited states satisfying the conditions mentioned above. Using the values of M2 and
s0 from their working regions, we can extract the spectroscopic parameters of the ground
state Bc(1S) and B
∗+
c (1S) mesons. The obtained results that are acquired by performing the
numerical calculations of Eq.(8) for the mass and residues of the ground states are presented
in Table II.
M2 (GeV2) s0 (GeV
2)
B+c (1S) 5 ≤M2 ≤ 15 42± 1
B+∗c (1S) 6 ≤M2 ≤ 16 43± 1
B+c (2S) 10 ≤M2 ≤ 20 53± 1
B+∗c (2S) 10 ≤M2 ≤ 20 54± 1
TABLE I. The working regions of M2 and s0 for the ground 1S and excited 2S states of Bc mesons.
Method A Method B
mBc(1S) 6.28 ± 0.03 6.28 ± 0.04
fB+c (1S) 0.27 ± 0.02 0.27 ± 0.03
mB∗+c (1S) 6.32 ± 0.03 6.32 ± 0.04
fB∗+c (1S) 0.30 ± 0.02 0.30 ± 0.03
TABLE II. The mass and residues of the ground state Bc(1S) and B
∗+
c (1S) mesons. (In GeV
units.)
To check the consistency of the methods, we also calculated the mass and residues of the
ground states of Bc-mesons with the help of Method B. Choosing a set of {M2i } in Eq.(9) in
the optimal range, we can apply two-parameters fitting in order to minimize this function.
We chose 100 points in the optimal interval of M2. Our results for the mass and residues
are also presented in Table II. We observed that both methods lead practically to the same
results.
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Method A Method B
mBc(2S) 6.88 ± 0.03 6.88± 0.03
fBc(2S) 0.43 ± 0.02 0.43± 0.02
mB∗c (2S) 6.94 ± 0.03 6.95± 0.03
fB∗c (2S) 0.46 ± 0.01 0.46± 0.02
TABLE III. The mass and residues of the excited B+c (2S) and B
∗+
c (2S) meson. (In GeV units.)
Having the mass and residues of the ground state Bc-mesons as input parameters, we applied
these methods in order to find the mass and residues of the excited states. In this case, we
still have to deal with two unknowns. For our first method, we take the derivative with
respect to −1/M2 of the Eq.(8) again and solve for the mass of the excited state. However,
note that the range of s0 parameter is different from the ones chosen for the ground state
(see Table I). In the method B, the parameters of the ground states are also taken as input
ones similar to the method A, and we try to find the parameter regions of M2 and s0 that
minimize the sum of the squares of the difference in Eq.(9).
In Figs. 1 and 2, we present the results of the numerical calculations of the dependence of
the mass of B+c (2S) and B
∗+
c (2S) as a function of M
2 at three fixed values of s0 within
method A. From these figures, it follows that the mass of the excited states exhibits good
stability to the variation of M2 from its working region. Our final predictions for the mass
of B∗+c (2S) and B
+
c (2S) states within both methods are presented in Table III.
In Figs. 3 and 4, the dependence of the leptonic decay constants of the B+c (2S) and B
∗+
c (2S)
states on M2 at three fixed values of s0 are presented in the framework of the method A.
Moreover, we also calculated the leptonic constants of the excited 2S states within method
B. Our final results on this quantity are given in Table III.
A glance of our predictions on the mass of the excited Bc shows that our result is nicely
in agreement with the experimental results. Besides, our findings on the mass difference
∆m ∼= 30 MeV is also in very good agreement with the experimental observation.
At the end of this section, we compare our results on mass and residues of the excited
Bc meson states obtained in the framework of the Dyson-Schwinger and Bethe-Salpeter
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equation approaches of continuum QCD [20].
mB+c (2S) = 6.813 GeV
mB∗+c (2S) = 6.84 GeV
fB+c (2S) = −0.165 GeV
fB∗+c (2S) = −0.161 GeV
(12)
Comparing these results with our predictions, we observe that they are in good agreement
for the mass of the excited states. However, the results for the leptonic decay constants are
considerably different. Future experiments can shed light into this discrepancy.
IV. CONCLUSION
The two excited Bc meson states have been observed by LHC very recently. In this study,
we calculated the mass and decay constants of these states through the QCD sum rule
method. The obtained results on mass and mass difference are in good agreement with the
experimental data. Moreover, we predicted the residues of the excited Bc mesons, which are
considerably different from the one predicted in [20]. Our result on leptonic decay constants
can be checked at future experiments.
V. ACKNOWLEDGMENTS:
One of the authors, T. Barakat, thanks to International Scientific Partnership Program ISPP
at the King Saud University for funding his research work through ISPP No:0038.
[1] E. J. Eichten and C. Quigg, Phys. Rev. D99, 054025 (2019), arXiv:1902.09735 [hep-ph].
[2] S. S. Gershtein, V. V. Kiselev, A. K. Likhoded, and A. V. Tkabladze, Phys. Usp. 38, 1 (1995),
[Usp. Fiz. Nauk165,3(1995)], arXiv:hep-ph/9504319 [hep-ph].
[3] T. Aaltonen et al. (CDF), Phys. Rev. Lett. 100, 182002 (2008), arXiv:0712.1506 [hep-ex].
[4] V. M. Abazov et al. (D0), Phys. Rev. Lett. 102, 092001 (2009), arXiv:0805.2614 [hep-ex].
[5] V. M. Abazov et al. (D0), Phys. Rev. Lett. 101, 012001 (2008), arXiv:0802.4258 [hep-ex].
[6] F. Abe et al. (CDF), Phys. Rev. Lett. 81, 2432 (1998), arXiv:hep-ex/9805034 [hep-ex].
8
[7] R. Aaij et al. (LHCb), Phys. Rev. Lett. 120, 121801 (2018), arXiv:1711.05623 [hep-ex].
[8] R. Aaij et al. (LHCb), Phys. Rev. Lett. 111, 251801 (2013), arXiv:1309.6534 [hep-ex].
[9] R. Aaij et al. (LHCb), Phys. Rev. D87, 112012 (2013), [Addendum: Phys.
Rev.D89,no.1,019901(2014)], arXiv:1304.4530 [hep-ex].
[10] R. Aaij et al. (LHCb), Phys. Rev. Lett. 109, 232001 (2012), arXiv:1209.5634 [hep-ex].
[11] A. M. Sirunyan et al. (CMS), Phys. Rev. Lett. 122, 132001 (2019), arXiv:1902.00571 [hep-ex].
[12] R. Aaij et al. (LHCb), (2019), arXiv:1904.00081 [hep-ex].
[13] N. R. Soni, B. R. Joshi, R. P. Shah, H. R. Chauhan, and J. N. Pandya,
Eur. Phys. J. C78, 592 (2018), arXiv:1707.07144 [hep-ph].
[14] N. Mathur, M. Padmanath, and S. Mondal, Phys. Rev. Lett. 121, 202002 (2018),
arXiv:1806.04151 [hep-lat].
[15] P. Colangelo, G. Nardulli, and N. Paver, Z. Phys. C57, 43 (1993).
[16] T. M. Aliev and O. Yilmaz, Nuovo Cim. A105, 827 (1992).
[17] Z.-G. Wang, Eur. Phys. J. A49, 131 (2013), arXiv:1203.6252 [hep-ph].
[18] M. Chabab, Phys. Lett. B325, 205 (1994).
[19] E. Bagan, H. G. Dosch, P. Gosdzinsky, S. Narison, and J. M. Richard,
Z. Phys. C64, 57 (1994), arXiv:hep-ph/9403208 [hep-ph].
[20] L. Chang, M. Chen, and Y.-x. Liu, (2019), arXiv:1904.00399 [nucl-th].
9
     


	
	

FIG. 1. The dependence of the mass mBc(2S) on Borel mass parameter M
2 at three fixed values
of s0.
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FIG. 2. The same as in Fig. 1 but for mB∗c (2S).
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FIG. 3. The dependence of the leptonic decay constants of Bc(2S) on Borel mass parameter M
2
at three fixed values of s0.
     






FIG. 4. The same as in Fig. 3 but for B∗c (2S)
.
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